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Large-Eddy Simulation of Transitional Boundary
Layer with Impinging Shock Wave
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University of Tokyo, Tokyo 113-8656, Japan

The transition of a boundary layer on a flat plate with an impinging shock wave is studied numerically by
compressible large-eddy simulation using a hybrid compact/Roe scheme. The numerical code is verified by com-
parison with experimental observations of shock wave/turbulent boundary-layer interaction and then applied for
the analysis of shock wave/transitional boundary-layer interaction. The simulation provides accurate results with
respect to the location of reattachment and the boundary-layer properties downstream of reattachment. Large-
scale coherent structures such as longitudinal vortex pairs, low-speed streaks, and hairpin vortices are identified in
the transitional region, and it is revealed that these coherent structures play important roles in the transition. Thus,
it is important to resolve these structures adequately to obtain an accurate prediction of the reattachment point.
The subsequent breakdown of these coherent structures have smaller length scales, and resolving the breakdown
requires much finer grid resolution. However, the influence of underresolution of breakdown on the downstream
flowfield can be largely ignored under the conditions examined. Large-eddy simulation is, therefore, useful for the
qualitative analysis of flowfields involving a supersonic transitional boundary layer.

Nomenclature
C f = time-mean skin-friction coefficient
fθ = shock sensor function
Lx, Ly, Lz = extent of the computational domain
N x, N y, N z = number of grid points
p = static pressure
Q = second invariant of velocity gradient tensor
Re = Reynolds number
Tu = turbulent intensity
Ū = time- and spanwise-averaged

streamwise velocity
u, v, w = Cartesian velocity components in x , y, and

z directions
uτ = friction velocity
x, y, z = Cartesian coordinate in the streamwise, vertical,

and spanwise directions
�t = time step size
�x, �y, �z = mesh step size
δ = boundary-layer thickness
δ1 = boundary-layer displacement thickness
µ = viscosity
ν = dynamic viscosity
ρ = density
ω = vorticity

Subscripts

rms = root mean square
w = evaluated at wall
∞ = evaluated at freestream

Superscripts

˜ = Favre-averaged value

¯ = time-averaged value
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ˆ = test-filtered value
′ = fluctuating component
+ = value given in wall unit

Introduction

T HE flowfield in turbomachinery is bounded by solid walls. Be-
cause the Reynolds number of the flow is relatively low, the

development of a boundary layer has a significant impact on the sta-
bility and performance of turbomachinery cascade flows. Prediction
of the development of such a boundary layer is a key issue in the
design and analysis of cascades. However, the boundary layer inside
modern gas turbines, where the tip speed can reach 450–500 m/s,
interacts with shock waves in a transonic flowfield and, thus, is far
more complicated than in external flows. The chord Reynolds num-
ber of a typical gas turbine ranges from 105 to 106 (Ref. 1), but
at high altitude or in very small gas turbines, this value may be
one or two orders of magnitude lower, at which the effect of the
boundary-layer transition is not negligible.

Because it is almost impossible to take account of all of these ef-
fects in the analysis of cascade flows, a Reynolds-averaged Navier–
Stokes (RANS) equation coupled with a turbulence model originally
developed for the analysis of a steady attached boundary layer is of-
ten used for numerical simulation. When the Reynolds number is not
sufficiently high to allow fully turbulent flow to be assumed, an em-
pirical transition model is combined with the turbulence model.2−4

This approach provides satisfactory results if the model parameters
have been determined appropriately. However, because parameter
tuning always requires experimental data, the application of this
technique to a flowfield for which similar experimental data are
not available is questionable. Shock wave/transitional boundary-
layer interaction is a typical flowfield for which it is difficult to
find appropriate parameters. Hilgenfeld et al.4 performed a numer-
ical study of linear cascade flow at Rec = 4.5 × 105 using Spalart-
Allmaras’s turbulence model and the Abu-Ghannam/Shaw transi-
tion model. Hilgenfeld et al.4 reported that their numerical results
were in good agreement with experimental measurements for weak
shock waves, but tended to underestimate the loss coefficient at
high transonic regimes, at which both turbulent transition and se-
vere shock wave/boundary layer interaction (SWBLI) take place. To
extend the applications of gas turbines to situations of low Reynolds
number, such as at high altitude or in small devices, it is important to
improve the reliability of numerical simulation of such flowfields.

Clearly, direct numerical simulation (DNS) or large-eddy simula-
tion (LES) is an attractive choice for this type of analysis. DNS/LES
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has recently been applied for the analysis of SWBLI.5,6 Knight et al.7

reviewed recent numerical simulations of SWBLI and concluded
that DNS/LES provides very good results for two-dimensional and
low-Reynolds-number SWBLI. DNS/LES has also been applied
successfully to the transition of low-speed boundary layers including
natural transitions,8,9 transitions in laminar separation bubbles,10,11

and bypass transitions.12,13 Abdulmalik et al.14 also reported an
analysis of shock/transitional boundary layer interaction by DNS
but focused mainly on a two-dimensional views of turbulent statis-
tics, with no effort made to compare the numerical results with
experiments.

Inasmuch as it remains very difficult to apply DNS for the analysis
of flowfields at Reynolds numbers of the order of 105, LES is used in
practical applications. However, it is unclear whether simulation of
the entire transition process can be achieved within the framework
of LES because simulation of streak breakdown on the path to tur-
bulence requires very fine spatial resolution,12 and it is questionable
whether subgrid-scale models developed assuming an energy cas-
cade function properly in the transitional flowfield. Nevertheless,
from an engineering point of view, more accurate predictions of key
parameters, such as the locations of reattachment and boundary-
layer thickness after reattachment, than those provided by RANS
will be of major benefit in numerical simulations.

The objective of present report is to apply LES for the analysis
of shock wave/transitional boundary-layer interaction and study the
influence of computational parameters on the results, as well as to
investigate the reliability of LES when applied to the analysis of
such a flowfield.

Numerical Method
Governing Equations and Discretization

Spatially filtered three-dimensional Navier–Stokes equations are
employed for numerical simulations following the formulation pre-
sented by Vreman15 and Garnier et al.5 The first spatial derivative
terms appearing in the governing equations are evaluated by using
the sixth-order accurate compact difference scheme.16 Numerical in-
stability is suppressed by filtering the conservative properties using a
10th-order implicit spatial filter17 once every time step. Because the
use of compact differences near discontinuities leads to nonphysical
oscillation, spatial derivatives in the convective terms are evaluated
using the Roe scheme extended to higher orders by MUSCL inter-
polation with minmod limiter in the regions near shock waves (see
Ref. 6). The 10th-order implicit spatial filter is also turned off at the
region where the high-order method is degraded to the Roe scheme.
The classical Jameson-type shock sensor multiplied by the Ducros
et al. sensor function,18 that is,
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is used for the detection of shock waves. The viscous terms are
evaluated by successive application of a first-derivative operator.
The stress tensor is first evaluated at each node using the fourth-
order central difference, and the derivative of the stress tensor is
evaluated by the same fourth-order central difference scheme to
form the viscous flux.

Subgrid scale (SGS) terms are evaluated by using the selective
mixed-scale model19:
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Here, S is the resolved stress tensor and q2
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where θ is the angle between the local vorticity ω and the test-
filtered vorticity ω̂. This model is simple and does not require an

ad hoc damping function near the wall because the SGS viscosity
automatically becomes zero in the laminar region.

The second-order accurate implicit Crank–Nicolson scheme is
used for time integration, and the fourth-order accurate compact
scheme (see Ref. 20) is also applied for evaluation of the spatial
derivative term on the left-hand side. Errors caused by linearization
and diagonalization are eliminated by Newton subiteration. In the
present study, three subiterations were sufficient to achieve a two-
order reduction of the residual at a Courant–Friedrichs–Lewy (CFL)
number of 2.

Boundary Conditions
The lower boundary is defined as a nonslip adiabatic wall, and

the spanwise boundaries are set as periodic boundaries. Thomp-
son’s nonreflective boundary condition21 is applied for the upper
and outlet boundaries, and a sponge layer22 is introduced at the
outlet boundary to attenuate turbulent fluctuations.

At the inlet boundary above the incident shock wave, all physical
properties are simply fixed at those behind the oblique shock wave.
Mean physical properties below the incident shock wave are fixed
at the profiles obtained from two-dimensional laminar computation,
and a freestream turbulent fluctuation is superimposed over the mean
profile.

Isotropic decaying turbulence is used to generate the inflow tur-
bulence. The simulation of the decaying turbulence is started from
a divergence-free velocity field under uniform density and pressure
and is continued until the desired turbulence intensity is achieved,
at which point the turbulent flowfield is frozen in time. The time-
varying fluctuation is obtained from the frozen turbulence by sam-
pling the physical properties over a plane that sweeps the frozen
turbulence at the freestream velocity.

Verification
The reliability of this new code is verified through comparison

with published data. Garnier et al.5 reported an LES for shock
wave/turbulent boundary-layer interaction and compared the numer-
ical results with experimental data. The present code is applied to
the same flowfield for direct comparison. The geometry of the com-
putational domain is shown in Fig. 1. The freestream Mach number
is 2.3, the Reynolds number based on the displacement thickness
at the inlet boundary and the freestream properties is 1.9132 × 104,
and the deflection angle of the incident shock wave is 8 deg. The
number of grid points, 255 × 151 × 55, is the same as that of grid A
presented in the report of Garnier et al. Although the definition of
edge velocity that will be used for the evaluation of friction coef-
ficient is somewhat arbitrary, it is defined here as the velocity at
which wrms falls below 1% of its maximum value.

Figure 2 shows a comparison of the results of the present
simulation with the results of Garnier et al. The simulated fric-
tion coefficient is in satisfactory agreement with the experimen-
tal result. The extent of separation in the present simulation
(x = 303–332 mm) is closely consistent with that observed in the
experiment5 (x = 300–332 mm). The displacement thickness of the
incoming boundary layer δ1 is 3.5 mm in the experiment and 3.2 mm

Fig. 1 Shock wave/boundary-layer interaction.
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a) Local friction coefficient

b) Mean velocity profile after reattachment, x = 420 mm c) Longitudinal fluctuation velocity profile after reat-
tachment, x = 420 mm

Fig. 2 Shock/turbulent boundary-layer interaction.

in the present LES, so that the separation size is approximately 8–9
times of δ1. The velocity profile downstream of the reattachment is
coincident with the experimental data, and the fluctuation velocity is
also reproduced qualitatively. Other plots (not shown) also exhibit a
trend similar to those reported by Garnier et al., demonstrating that
the accuracy of the present code is generally comparable to that of
Garnier et al.

Flow Condition and Computational Grids
The geometry of the flowfield studied here is the same as that

shown in Fig. 1, although the incoming boundary layer in this case
is defined as being laminar. Hakkinen et al.23 carried out wind-
tunnel experiments on shock wave/laminar boundary-layer inter-
action and obtained measurements of the pitot pressure profile in-
side the boundary layer, which on conversion afforded velocity and
friction coefficients. The flow conditions in the present numerical
simulation correspond to those in Hakkinen’s experiments, where
the measured friction coefficient corresponds to the conditions of
turbulent reattachment.

Note that the evaluation of the experimental friction coefficient
involves some uncertainty. The friction coefficient in the Hakkinen
et al.23 experiments was determined from the reading of the pitot
tube at rest on the wall. However, because the correlation between
the pitot pressure and the friction coefficient was calibrated only
for the attached boundary layer without pressure gradient, there
remains uncertainty for the region in which the boundary layer is
not in equilibrium. Therefore, the experimental-friction coefficient

will be used only for qualitative discussion in this study, such as
evaluation of the locations of separation and reattachment or the
distinction between laminar and turbulent boundary layers.

The freestream Mach number in the present simulation is set
at 2.0, the shock pressure ratio is set at 1.91, and the Reynolds
number based on the distance between the leading edge and the
shock incident point is defined as 3.29 × 105. Hakkinen defined
the pressure ratio as that between the pressure behind the reflected
shock wave and that upstream of the incident shock wave. In the
present study, the pressure ratio across the incident shock wave is
approximately 1.39, and the incident shock angle β is 35.36 deg.

Because no information is provided regarding the turbulence char-
acteristics of the wind tunnel used in the Hakkinen et al.23 ex-
periment, the numerical results were obtained for four different
turbulence levels in this study, T u = 1.2, 0.6, 0.06, and 0% (no
imposed freestream turbulence). It was confirmed that the transi-
tion occurred even at the lowest turbulence level. The separation
and reattachment points both move depending on the inlet turbu-
lence, but the structure of the flowfield was found to remain essen-
tially the same. Therefore, the results for T u = 0.6%, which showed
the best agreement with the experiments, are used in the following
discussion.

The number of grid points and the grid resolutions are listed
in Table 1, where the grid resolutions are given in wall units
{x+ = (ρwuτ /µw)x and uτ = √

[µw(∂u/∂y)/ρw]} at two locations:
x = 75 mm, where the friction coefficient reaches a maximum, and
x = 95 mm, where the boundary layer reaches an equilibrium state
and the velocity profile follows a log-law curve.
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Table 1 Computational gridsa

�x+ �y+
min �z+

Grid Lx L y Lz Nx Ny Nz x = 75 x = 95 x = 75 x = 95 x = 75 x = 95

A 105.0 60.0 5.12 601 121 99 16.6 33.4 0.86 0.73 11.4 9.7
B 105.0 60.0 5.12 401 121 65 41.8 37.2 0.84 0.74 16.7 14.9
C 105.0 60.0 5.12 301 121 44 60.2 54.4 0.80 0.73 24.3 22.0
D 105.0 60.0 5.12 201 121 33 81.4 70.2 0.81 0.70 32.5 28.1
E 164.4 60.0 5.12 698 121 65 41.9 37.1 0.84 0.74 16.8 14.9

aLength in millimeters.

Table 2 Spanwise extent of computational domain

Based on inlet properties
Based on downstream

Method Transition type δin δ1in properties L+
z

Present LES Separated 10δin 25δ1in 950
Yang and Voke11 Separated —— —— 570
Alam and Sandham10 Separated —— 30δ1in ——
Jacobs and Durbin12 Bypass 30δin —— ——
Berlin et al.9 Oblique —— 60δ1in ——

Fig. 3 Mean Mach number contours.

The computational domains for grids A–D are all of the same
size. Thus, the influence of grid resolution is investigated using these
grids. The resolution of grid A is comparable with that used in the
LES of the separated boundary-layer transition11 (�x+ = 10 ∼ 30.5
and �z+ = 9), and the resolution of grid C is the same as that used
in the LES of the transition in the attachment-line boundary layer24

(�x+ = 56 and �z+ = 39). In grid E, which is defined with the
same grid resolution as grid B, the outlet boundary is located farther
downstream to provide data on the influence of the outlet boundary.

The boundary-layer thickness near the outlet (x = 95 mm) δx = 95

is approximately 1.9 mm. Therefore, the size of the computational
domain except grid E is

Lx/δx = 95 = 55, L y/δx = 95 = 32, Lz/δx = 95 = 2.7

Lx and L y were determined from the geometry of the Hakkinen
et al. experiment,23 and Lz/δx = 95 was taken to be similar to that of
Rizzetta et al.6 (Lz = 2.9δ0). Note that initial stage of boundary-layer
transition is characterized by disturbance with large length scale,
and so LES/DNS of transition generally requires a computational
domain with wider spanwise extent. Table 2 compares spanwise ex-
tent of the present computational domain with those of other studies.
The extent of the present computational domain is comparable to
those of other simulations of separated flow transition.

The time step �t was approximately 2.2 × 10−8 s so that the
maximum CFL number was less than 2.

Results
Time-Averaged Flowfield

Figure 3 shows the contours of the mean Mach number. The in-
coming laminar boundary layer interacts with the oblique shock
wave at x = 58 mm, and the boundary layer separates substantially
upstream of this point (x = 30 mm), although the compression wave
generated at the separation point is very weak. The separated bound-
ary layer reattaches at around x = 70 mm to form a reattachment
shock wave. The boundary layer downstream of the reattachment
is considerably thicker than the incoming boundary layer, indicat-
ing a turbulent transition. The Reynolds stress distribution in Fig. 4
shows that the Reynolds stress develops inside the separated shear
layer, taking a maximum just upstream of the reattachment point
and gradually diminishing downstream.

Instantaneous distribution of the shock sensor function in Fig. 5
shows that the shock sensor function used in the present study suc-
cessfully distinguished shock waves from turbulent pressure fluc-
tuation and the turbulent boundary layer is mostly resolved by the
high-order compact scheme.

Figure 6 shows the mean streamwise velocity profile downstream
of the reattachment point. The velocity is plotted using the van Driest
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Fig. 4 Reynolds stress distribution, y ×× 5.

Fig. 5 Instantaneous distributon of shock sensor function.

Fig. 6 Mean longitudinal velocity profiles.

transformation25 u+
V D to account for the density variation, as given

by

u+
V D =

∫ u+ √
ρ

ρw

d[u+(y)], u+ = u

uτ

The velocity distribution gradually approaches a turbulent profile
and converges to law of the wall at x = 95 mm. Velocity fluctua-
tions urms, vrms, and wrms at x = 95 mm are compared with DNS
by Spalart26 (incompressible, Reθ = 1.410 × 103) in Fig. 7. Profiles
near the wall (y+ < 20) agree with DNS of the equilibrium turbulent
boundary layer, but urms at the outer part falls below Spalart’s DNS.
Figures 6 and 7 show that the boundary layer downstream of the
reattachment is turbulent while it is not in complete equilibrium.

The velocity profiles and local friction coefficient are compared
with the results of the Hakkinen et al.23 experiment in Figs. 8 and 9.
Here, the friction coefficient C f is defined as

C f = µw(∂ ū/∂y)|w
1
2 ρ∞u2∞

Fig. 7 Velocity fluctuation profiles at x = 95 mm: ——, present LES
urms; – – –, present LES vrms; . . . , present LES wrms; �, DNS by Spalart
urms; �, DNS by Spalart vrms; and �, DNS by Spalart wrms.

where subscripts ∞ and w denote the freestream properties up-
stream of the incident shock wave and the properties at the wall.

The predicted velocity profiles agree very well with the experi-
mental data, except in the regions of strong shock interaction. The
agreement of the locations of separation and reattachment are also
satisfactory, although the simulated separation region is slightly
wider than that observed in the experiment. The rapid increase in
the friction coefficient at x = 70 mm indicates that the boundary
layer reattaches as a turbulent boundary layer. Although the friction
coefficients overshoot the experimental value in the reattachment re-
gion, Fig. 8e shows that the simulated velocity profile is still closely
consistent with the experimental results in this region, indicating
that the discrepancy in the friction coefficient is likely to be due to
uncertainties in the conversion from pitot pressure to friction coef-
ficient.

The friction coefficients downstream of the reattachment show
that the coarsest grid (grid D) underpredicts the friction coefficient
of the attached turbulent boundary layer, whereas the other finer
grids produce consistent curves. On close inspection of the friction
coefficients near the point of reattachment, it becomes clear that
grid C, which resolved the attached turbulent boundary layer well,
predicts the reattachment point to be slightly downstream of that
indicated in the other three finer grids. The reattachment points for
grids B and E coincide with that for grid A. Thus, the influence
of refinement only appears in the maximum value of the friction
coefficient. Furthermore, because the results for grids B and E follow
the same curve, the position of the exit boundary appears to have no
influence on the distribution of the friction coefficient.

Movement of the separation point can also be observed in ad-
dition to movement of the reattachment point. The wall pressure
distribution (Fig. 10) reveals that when the shear layer reattaches
upstream, the expansion behind the incident shock wave becomes
stronger, lowering the pressure in the separation region and inducing
separation downstream. Although the difference in pressure in the
separation region is less than 1% of the freestream static pressure,
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a) x = 27.9 mm b) x = 38.1 mm c) x = 55.9 mm d) x = 66.0 mm e) x = 73.7 mm

Fig. 8 Mean longitudinal velocity profiles near the separation bubble, grids A and B.

a) Entire region

b) Near reattachment point

Fig. 9 Local skin-friction coefficient.

the separation point is quite sensitive to the pressure in the separa-
tion region because the boundary-layer upstream of the separation
is laminar. Therefore, the shift of the separation point is not due di-
rectly to the grid resolution, but rather represents a secondary effect
induced by the movement of the reattachment point.

Figure 11 shows the profiles of wall-normal fluctuation velocity
vrms. These profiles clearly show the dependence of vrms in the reat-
tachment region on the grid resolution. That is, a finer grid results
in a larger value of vrms and grid convergence is not achieved within
the grid resolutions studied here. In particular, the discrepancy of
vrms for the coarsest (grid D) at the edge of the boundary layer
(y ∼ 3.0 mm) is noticeable. The evolution of the fluctuation and the

a) Entire region

b) Near separation point

Fig. 10 Wall pressure distribution.

influence of grid resolution are examined in more detail based on
the longitudinal variation in maximum vrms in Fig. 12. Figure 12
shows that vrms begins to increase within the separated shear layer
well upstream of the shock impingement. The growth rate suddenly
increases on shock impingement at x = 58 mm, and vrms takes a
maximum downstream of the reattachment point at x = 70 mm. The
curve for grid D departs from that for the finer grids at x = 62 mm,
and the curve for grid C falls below the three finer grids at a similar
point (x = 65 mm). The curves for grids B and E follow that for
the finest grid A up to x = 67 mm, where the shear layer reattaches.
The influence of the grid resolution is, therefore, most apparent be-
tween x = 67 and 75 mm. These observations indicate that the grid
resolution required to revolve the growth of velocity fluctuation be-
comes finer downstream. Although the velocity fluctuation during
the transition is dependent on the grid resolution, its influence on the
mean velocity is limited. As shown in Fig. 8, the velocity profiles
for grid B coincide with that for the finest grid A at all five locations.
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a) x = 70 mm

b) x = 95 mm

Fig. 11 Wall-normal fluctuation velocity profile.

Fig. 12 Longitudinal evolution of maximum wall-normal fluctuation
velocity.

The influence of the inlet turbulence level is presented in Fig. 13.
These simulations were performed separately from the correspond-
ing two-dimensional laminar solution. The numerical results exhibit
a clear dependence on the inlet turbulence, where higher inlet turbu-
lence levels general result in faster growth of the fluctuation inside
the shear layer. This leads to earlier reattachment, which shifts the
separation point downstream. However, the structure of the flowfield
was found to be essentially the same for all four turbulence levels.
Because quantitative agreement is not the objective of the present
study, the results for T u = 0.6%, which demonstrated satisfactory
agreement with the experimental results, are used in the following
discussion. In practical applications, it is often the case that detailed

a) Friction coefficient

b) Wall pressure distribution

Fig. 13 Influence of inlet turbulence, grid B.

information on the inlet turbulence is not provided. In such cases, a
certain degree of tuning is inevitable.

This analysis of the time-averaged flowfield demonstrated that
the present LES code provides satisfactory results regarding the
reattachment point and the properties of the boundary layer down-
stream of reattachment, which are the primary concerns in many
engineering applications. Through grid refinement it was revealed
that the velocity fluctuation in the transitional region is dependent
on the grid resolution and that a grid resolution of �x+ ∼ 40 and
�z+ ∼ 15 is required to achieve grid convergence for the reattach-
ment point. This requirement is slightly finer than that that required
to resolve a fully turbulent attached boundary layer.

Instantaneous Flowfield
Figure 14 shows snapshots of the instantaneous flowfield at three

instants. Figures 14a show the isosurfaces of u′ = −100 m/s, repre-
senting low-speed streaks. Here, u′ denotes the streamwise velocity
fluctuation, u′(x, y, z, t) ≡ u(x, y, z, t) − Ū (x, y), where Ū (x, y)
is the time- and spanwise-averaged streamwise velocity. The shaded
areas on the bottom wall in Fig. 14a indicate the region of negative
friction coefficient, representing the extent of the separation region.
Figure 14b show the isosurfaces of the second invariant of the veloc-
ity gradient tensor Q, representing the cores of vortices,27 as given by

Q ≡ 1

2

[(
∂uk

∂xk

)2

− ∂ui

∂x j

∂u j

∂xi

]

In Fig. 14b, white surfaces denote vortices with ωx > 0, and dark sur-
faces denote vortices with ωx < 0. The lateral vortex near x 	 60 mm
corresponds to the vortex induced by shock impingement, whereas
the others vortices occur inside the boundary layer or shear layer.

Figure 14a shows that rows of almost equally spaced low-speed
streaks appear at x 	 63 mm and that the reattachment point is
shifted downstream beneath these low-speed streaks. The separa-
tion region is intermittent, and although the starting points of the
streaks move back and forth, the streaks always begin upstream of
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a) u′ isosurfaces b) Q isosurfaces

Fig. 14 Instantaneous flowfields, grid B.

the reattachment point. The streaks remain parallel to each other un-
til slightly downstream of the reattachment point, x 	 68 mm, where
they become disturbed. When Figs. 14a and 14b are compared, it
becomes clear that a pair of counter-rotating longitudinal vortices is
formed alongside each low-speed streak. The neighboring longitu-
dinal vortices are connected, and hairpin vortices (gray) appear near
the reattachment point. The formation of these hairpin vortices cor-
responds to the onset of disturbance of the low-speed streaks. These
large-scale coherent structures break down at x 	 73 mm, and the
structure downstream of that point has a much finer length scale and
appears more chaotic.

The vortices to the right of the streaks rotate clockwise (ωx > 0),
whereas those to the left rotate counterclockwise (ωx < 0). There-
fore, the pairs of longitudinal vortices induce upward velocity in

the region between the vortices. The velocity profiles inside the
second leftmost low-speed streak (z = 1.84 mm) in Fig. 14a at
t = T0 + 185 µs are shown in Figs. 15 and 16. Strong upward ve-
locity of v 	 20 m/s is induced within the region 0 < y < 0.5 mm
at x = 65 mm, immediately upstream of reattachment, and a strong
shear layer is formed above that region. This region corresponds to
the peak in the Reynolds stress shown in Fig. 4. Figures 15 and 16
indicate that low-speed fluid raised by the upward velocity induced
by the pair of longitudinal vortices forms low-speed streaks and an
overlying shear layer. Flow instability induced by the steep veloc-
ity gradient is considered to be the trigger for the formation of the
hairpin vortices.

Note that the formation of low-speed streaks and longitudinal
vortex pair corresponds to the location at which vrms for grid D
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a) x = 55 mm b) x = 60 mm c) x = 62 mm d) x = 65 mm e) x = 67 mm f) x = 70 mm

Fig. 15 Instantaneous longitudinal velocity inside low-speed streaks in z = 1.84 mm plane, grid B.

a) x = 55 mm b) x = 60 mm c) x = 62 mm d) x = 65 mm e) x = 67 mm f) x = 70 mm

Fig. 16 Instantaneous wall-normal velocity inside low-speed streaks in z = 1.84 mm plane, grid B.

Fig. 17 Q isosurface, grid C.

departs from the values for the finer grids (Fig. 12). The formation
of hairpin vortices also corresponds to the point at which vrms for
grid C falls below the values for the three finer grids. The breakdown
of large-scale coherent structures also corresponds to the region in
which the difference between grids A and B is most distinct.

Figure 17 shows the isosurface of Q for grid C. Although the
streamwise vortex pairs and hairpin vortices are observable, the
structure is somewhat obscure due to the lower spatial resolu-
tion. This indicates that underresolution of the large-scale coherent

structure is responsible for the underestimation of the fluctuation
velocities.

This analysis of the instantaneous flowfield revealed that the
longitudinal vortex pairs and hairpin vortices play key roles in
determining the behavior of the transition of shock wave/laminar
boundary-layer interaction. Therefore, it is important to resolve
these structures well to obtain accurate predictions of the reattach-
ment point. The region in which the discrepancy between grids A
and B was most distinct, x = 68–75 mm, in Fig. 12 corresponds
to the region in which these coherent structures break down. The
discrepancy indicates that it is necessary to use a much finer grid
than grid B to resolve the breakdown adequately. However, Fig. 8e
shows that, if the large-scale coherent structure is resolved with suf-
ficient resolution, underresolution of the breakdown process does
not influence the boundary-layer profile downstream substantially.

Spanwise Variation of vrms

Figure 18 shows the spanwise variation of wall-normal velocity
fluctuation evaluated from the time average over 100 µs. Because
the motion of the streaks is very slow (Fig. 14), the streaks can
be regarded as a mean component, and the hairpin vortices can be
regarded as a fluctuation component with this timescale. The semi-
transparent surface is the isosurface of a time-averaged Mach num-
ber of unity, and the white contours represent the vrms distribution
in each section (Fig. 18).

The streak is observable from the Mach number isosurface up to
x = 72.5 mm. The isosurface downstream of x = 75 mm is almost
flat, indicating that the large-scale streak structure ends by this point.
Peaks in vrms occur at the tops of the streaks at sections x = 70 and
72.5 mm. The correlation between vrms peaks and the streaks is
not so clear on other sections. The sections x = 70 and 72.5 mm
correspond to the region in which hairpin vortices are observed at
the top of the low-speed streaks (Fig. 14). Thus, these observations
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Fig. 18 Spanwise variation of vrms evaluated from time-average over
100 µs, grid B.

also confirm that the vrms peaks in Fig. 12 are correlated with the
formation and breakdown of the hairpin vortices.

Conclusions
The transition of a boundary layer on a flat plate with imping-

ing shock waves was studied by compressible LES. The simulation
results were found to be comparable with previous experimental
results with respect to the reattachment point and the properties
of the boundary layer downstream of reattachment, which are the
main concerns in many engineering applications. Observations of
the unsteady flowfield revealed that large-scale coherent structures
such as longitudinal vortex pairs, low-speed streaks, and hairpin
vortices play key roles in determining the behavior of the transition
of shock wave/laminar boundary-layer interaction. Therefore, it is
important to ensure adequate resolution of the coherent structure
to obtain accurate predictions of the downstream flowfield. Grid re-
finement revealed that a grid resolution of �x 	 40+ and �z+ 	 15,
slightly finer than that required for resolving fully turbulent attached
boundary layer, is required to resolve the coherent structure.

Resolving the breakdown of the large-scale coherent structure
requires much finer spatial resolution, and grid convergence of the
fluctuation velocity in the transitional region was not achieved with
the grids adopted in this study. If the large-scale coherent structure
itself is adequately resolved, underresolution of the breakdown pro-
cess does not have a excessive impact on the simulated behavior of
the downstream boundary layer.

The analysis presented here illustrates how LES can be used for
the qualitative analysis of flowfields involving supersonic transi-
tional boundary layers.
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